Abstract-High-frequency planar magnetic components, employing thin film and thick film technology, have become important components in applications, such as filters and switching converters, due to their ease of manufacture and reliability. In a previous paper, the authors established a frequency dependent impedance formula for planar coils on a magnetic substrate that is infinitely thick. In this paper, two new impedance models are described: the first is for planar coils on a magnetic substrate of finite thickness, and the second represents a planar coil sandwiched between two substrates. The models include the electrical conductivity of the magnetic material so that the effects of eddy currents, particularly at high frequencies, are taken into account. The eddy currents reduce the inductance and increase the losses associated with the device. The new impedance formulas are derived from Maxwell's equations. Simulations were carried out on a typical device, using finite element analysis, and the results validate the new formulas. This paper establishes the frequency limitations of lossy magnetic substrates.
I. INTRODUCTION

M
UCH RESEARCH has been conducted in recent years on planar magnetic devices with a view to increasing the density of electronic circuits [1] - [4] . Improvements in process technologies, such as thin film and thick film, have contributed to the overall acceptance of planar magnetics. High-frequency operation means smaller magnetic components. Increased losses, however, particularly due to eddy currents in magnetic substrates, have limited developments to date.
Good analytical models of planar magnetic components are essential to further progress and understanding in this field. Such models must take proper account of frequency dependent losses in the magnetic materials and their consequential effects on inductance values. The current distribution in a flat cross section of a planar coil is not uniform, and this must be taken into account in impedance calculations. The authors have presented a mutual impedance formula for planar coils on a magnetic substrate of infinite thickness [5] . The effects of nonuniform current distribution and eddy currents in the substrate are included. There is an upper limit to frequency beyond which eddy currents offset the increase in inductance due to the presence of a magnetic substrate. Above this limiting frequency, losses due to eddy currents become intolerable. This paper addresses two new issues: the effect of finite thickness in the magnetic substrate and the addition of a second substrate above the coil to form a sandwich. The cases of filament conductors in nonconducting magnetic media have been treated in the past [6] , [7] , leading to inductance models. The formulas presented here consider planar coils with nonuniform current distribution and lossy magnetic media. The conductor line/space ratio is taken into account. The paper describes the tradeoff between substrate thickness and permeability. Highfrequency losses are calculated from the physical geometry of the coils and the electrical properties of the magnetic materials, namely magnetic permeability and electrical conductivity. Results are compared with finite element analysis for typical devices for frequencies up to 100 MHz.
0018-9464/97$10.00 © 1997 IEEE Fig. 1 shows two filaments on a magnetic substrate, i.e., relative permeability and electrical conductivity . The lower filament is at a height above the substrate so that a dielectric layer may be included in the model. A detailed derivation of the mutual impedance between the two filaments is given in [5] , and the formula is reproduced here for the purposes of the discussion to follow. The mutual impedance between the two filamentary circular turns is (1) where is the mutual inductance which would exist in the absence of the substrate and is the additional impedance due to the presence of the substrate. The real part of , the resistive component, represents the losses due to the eddy currents in the substrate, and the imaginary part of , the inductive reactance, enhances the air component (2) The solution of (2) is normally evaluated using elliptic integrals (3) where and are complete elliptic integrals of the first and second kind, respectively, and
II. SPIRAL COILS ON A FERROMAGNETIC SUBSTRATE
A. Substrate of Infinite Thickness
is a Bessel Function of the first kind.
Filaments placed directly on an ideal magnetic substrate and mean that and , giving a doubling of the inductance. Fig. 2 shows circular concentric planar coils on a magnetic substrate. In practice, a spiral coil would consist of sections connected in series, which can be accurately modeled by concentric circular coils. Normally it would suffice to integrate the filamentary formulas (1) and (5) over the cross sections in Fig. 2 to obtain the mutual impedance between the sections, the inherent assumption being that the current density is uniform over the cross section. In a planar structure, the height to width ratio could be 50 : 1. Since the inside path for current flow is much shorter than the outside path of the section, it follows that the resistance on the inside is smaller, and, therefore, the current density is higher.
Evidently with an inverse relationship between current density and radius, the current density at radius for a coil current is given by [5] 
It is assumed that variation over the height of the section is negligible. The mutual impedance between the sections of Fig.  2 is obtained by integrating (1) over the cross sections, taking the current density distribution (8) into account. The mutual impedance is (9) where accounts for the component of impedance which would exist in the absence of the substrate and accounts for the substrate (10) where (11) The evaluation of for planar sections is slow to converge with numerical integration. An accurate result may be obtained by replacing the section with a filament at its geometric mean and using the elliptic integral formula (3) with replaced by the geometric mean distance (GMD) [8] between the sections. In the case of self-inductance GMD where is the height of the section and its width.
B. Substrate of Finite Thickness
In this section, the case of a substrate of finite thickness is considered. The geometry for filaments is the same as that shown in Fig. 1 with the substrate thickness given by . The solution is detailed in the Appendix A, and the resulting impedance is (13) (14) (15) where and are defined in (6) and (7), respectively. Clearly for , the result reduces to that given by (5) as expected. In addition, for a nonlossy magnetic medium, , and the resulting formula for inductance agrees with that given in [6] . Integrating (14) over the cross section of a planar coil does not involve , and, therefore, the result may be written down Numerical evaluation of (17) is relatively straightforward [9] . and are given by (11) and (12), respectively.
C. Analysis
The parameter in (14) contains four variables of interest: the thickness , the relative permeability , the conductivity , and frequency At low frequencies, , and (18) This factor describes the supplemental inductance in a substrate of infinite thickness.
The two-turn device in Fig. 3 has been analyzed to examine the effects of and at low frequencies. The self-inductance of the device is given by (19) where and are the self-inductances of sections 1 and 2 in Fig. 3 , respectively, and is the mutual inductance between sections 1 and 2. The individual terms are given by (16), noting that for the loss (resistive) component in is zero. Fig. 4(a) shows the inductance enhancement as a function of relative permeability for different values of substrate thickness The upper limit is approached for m. The lower limit is approached for mm.
D. High-Frequency Effects
For the purposes of exploring the high-frequency effects of the substrate in Fig. 3 , the material is taken to be ferrite , and the frequency range is 1 MHz-1000 MHz. Three values of substrate thickness are examined: 0.05 mm, 0.1 mm, and 0.5 mm. The skin depth in the material is given by mm
where is the frequency in Hz. 5 shows the self-impedance of the device in Fig. 3 for each value of substrate thickness. The frequency dependence due to the eddy currents in the substrate becomes evident when the skin depth becomes comparable to the thickness of the substrate.
In the limiting case, as shown by (15) and (6) , which means that the flux inside the substrate is reduced to zero as expected in a perfectly conducting medium has the same effect as , and all the flux is confined to the surface of the substrate. In the limit the inductive component of (13) becomes (23) Note that the net inductance, in the limiting case, is less than the air component.
The eddy-current loss as represented by the resistance in Fig. 5(b) is pronounced above 100 MHz. The dc resistance of the device in Fig. 3 is 0.093 in Fig. 5(b) includes the dc resistance. The resistance increases by a factor of 19 at 1000 MHz, in the 0.5 mm substrate, at which frequency the skin depth is less than the thickness of the substrate. The results in Fig. 5 suggest that substrates achieve maximum utility in terms of increasing the coil self-inductance when the thickness of the substrate is less than the skin depth at the highest operating frequency. 
III. SANDWICH STRUCTURES
A. Impedance Formula
The addition of a second substrate above the planar coils results in a sandwich structure as shown in Fig. 6 .
The solution of Maxwell's equations for filaments in a sandwich structure is detailed in Appendix B, and the impedance formula is given by (B18). Integration of the filament formula over the planar sections, as described in Section II-A, involves the function and given by (B20) and (B21), respectively. The result of the integration yields (24) (25)
B. Analysis
In addition to the four parameters discussed in Section II, there are additional parameters and to be taken into account in the sandwich inductor. For the purposes of analysis, substrates of equal thickness will be considered The upper limit is approached for since the entire medium surrounding the coils has a relative permeability of . The lower limit is approached for , which is the single substrate case. In this example, m so that which is two for large as shown by (18). The analysis in Fig. 7 applies to low frequencies where eddy current losses are negligible. The salient feature of Fig.  7 is that the increase in inductance in a sandwich structure is strongly influenced by the gap between the substrates. The increase drops from a factor of at to at m. At mm, the inductance is just 50% higher than that for a single substrate. Properties: r = 1000; = 10( 0 m) 01 ; t = 0:5 mm Fig. 9 . Layout of validation device.
IV. VALIDATION
The device shown is Fig. 9 was simulated using finite element analysis [10] , and the results were compared to the calculations with the new impedance formulas.
The device in Fig. 9 was tested for the air case, and the results compared favorably with calculations using (3) and [5] . The validation was carried out assuming ferrite substrates [ and ] . The simulations were carried out at 100 Hz and 100 MHz. The dc resistance is included in . Skin and proximity effects in the conductors are not included in the simulations so that a proper comparison is made with the new formulas. Losses in the conductors due to skin and proximity effects are discussed in [11] and [12] . The results are summarized in Table I . The agreement between the calculated impedance and the results of the simulation is very good in all cases.
V. CONCLUSIONS
This paper describes new impedance formulas for planar spiral coils with magnetic substrates. These formulas are based on the physical dimensions of the coils and the electrical and magnetic properties of the substrates. The formulas predict both inductance and equivalent resistance. The equivalent resistance represents the frequency dependent losses due to eddy currents in the substrates.
The general procedure for solving Maxwell's equations in this class of problems has been outlined. It should be possible to extend the technique to sandwich inductors with magnetic cores and pot-core structures. The new formulas have been validated by comparing calculations for a four layer 12-turn device with the results for simulations using finite element analysis. The results presented in the paper cover the frequency range 100 Hz-1000 MHz. Analysis of the results shows that ferrite materials give unacceptable losses above 10 MHz.
APPENDIX A
A. Finite Substrate
The procedure followed here is described in detail in [5] for the infinite substrate. The method is based on the Fourier-Bessel integral transformation [13] . The inductive components of the filamentary formulas are derived using the method of images in [6] and [7] . An alternative method based on the magnetic vector potential is described in [14] for the filamentary formula with an infinite substrate.
For a magnetoquasistatic system, the following forms of Maxwell's equations hold in a linear homogeneous isotropic medium
The filamentary turn at carries a sinusoidal current . The solution of Maxwell's equations must be considered in four distinct regions as shown in Fig. 10 . On the basis of cylindrical symmetry, the following identities apply to the electric field intensity and the magnetic field intensity (A2)
Maxwell's equations reduce to the following. : This is similar to Region 2, and (A5) applies.
The solution of in Regions 1-4 is obtained by using the Fourier-Bessel integral transformation [13] (A7) There are six constants to be established on the basis of the boundary conditions. The electric field is continuous at the following boundaries: , and giving
The boundary condition on the radial component of the magnetic field intensity is given by (A17) where is the unit vector normal to the plane at the boundary and is the surface current density at the boundary. The radial component the magnetic field intensity is given by Maxwell's equations (A18) At and there is no surface current and equating given by (A18) at either side of the boundary gives
and in terms of the transformed variable [5] (A22) and may be found by using (A18) in (A2) and (A3) giving
There are now six equations in six unknowns which can be readily solved.
In terms of mutual impedance we are particularly interested in Region 1 where the electric field is now (A24) (A25) (A26)
Applying the inverse transform of the Fourier-Bessel integral [13] 
A. Sandwich Inductors
In this case, Regions 1-4 exist as described in Appendix A with two new regions to account for the top substrate as shown in Fig. 11 . Adopting the approach in Appendix A, the electric field in each region after transformation is 
